arXiv:nucl-th/9812025 v2 27 Jan 1999

Implications of Pseudospin Symmetry on Relativistic Magnetic

Prop erties and Gamow - Teller Transitions in Nuclei

JosephN. Ginoccdhio

Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA

Abstract

Recerly it has been shown that pseudospinsymmetry has its origins in
a relativistic symmetry of the Dirac Hamiltonian. Using this symmetry we
relate single - nucleonrelativistic magnetic momerts of statesin a pseudospin
doublet to the relativistic magnetic dipoletransitions betweenthe statesin the
doublet, and we relate single - nucleonrelativistic Gamow - Teller transitions
within states in the doublet. We apply these relationships to the Gamow -

Teller transitions from 3°Ca to its mirror nucleus3°K .
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I. INTR ODUCTION

For nucleonsmoving in arelativistic mean eld with scalarVs and vector potentials W,
an SU(2) symmetry exists for the casefor which Vs = W, [[l]. This symmetry manifests
itself in nuclei as a slightly broken symmetry [B{%] sincej%j is small for realistic mean
elds [LQ], and, in fact, givesrise to what has been called \pseudospinsymmetry". The
original obsenationsthat led to the coining of the word \pseudospinsymmetry" werequasi-
degeneraciesn sphericalshell model orbitals with non - relativistic quartum numbers(n,,
= +1=22)and(n, 1,°+2,j =+ 3=2)wheren,, , andj arethe single-rucleonradial,
orbital, and total angular momertum quartum numbers, respectively [[1,[2]. This doublet
structure is expressedn terms of a \pseudo" orbital angular momertum ~= ~ + 1, the
averageof the orbital angular momertum of the two statesin doublet, and \pseudo" spin,
s = 1/2. For example,(n;S;=; (N,  1)ds=,) Will have ™= 1, (n,ps=; (N  1)fs=,) will have
~= 2, etc. Thesedoubletsare almost degeneratewith respect to pseudospinsincej = =~ s
for the two statesin the doublet; examplesare shavn in Figure 1. Pseudospinlsymmetry"
was showvn to exist in deformednuclei aswell [[3[I4] and hasbeenusedto explain features
of deformednuclei, including superdeformation [[[§] and identical bands [[8,[7]. Howewer,
the origin of pseudospinsymmetry remaineda mystery and \no deeper understanding of
the origin of these (approximate) degeneracies'existed [[L§. A few yearsagoit wasshavn
that relativistic mean eld theories gave appraximately the correct spin orbit splitting to
produce the pseudospindoublets [[[9]. Finally the source of pseudospinsymmetry as a
broken symmetry of the Dirac Hamiltonian related to Vs W, waspointed out [B{}]. For
sphericalnuclei, pseudo-orbitalangular momertum ~is alsoconsened and physically is the
\orbital angular momertum" of the lower componert of the Dirac wavefunction.

One consequencef this relativistic SU(2) pseudospinrsymmetry is that the spatial wave-

function for the lower componert of the Dirac wavefunctionswill be equal in shape and



magnitude for the two states in the doublet [{$]]. For spherical nuclei, this meansthat
the radial wavefunctionsfor the lower componerts in the doublet will have the samenum-
ber of nodes, so we label thesestates with pseudo-radialquantum number (i.e.; the radial
guartum number of the lower componert (r = 0;1;:::)). Furthermore,the pseudo-orbital
angularmomertum will be a consened quarntum number for sphericalsymmetric scalarand
vector potertials and so we label the states with the pseudo-orbitalangular momertum ™~

[@]. Finally, the total angular momertum j (f = ~+ 122); and projection m, are consened

aswell. The Dirac wavefunction for the two statesin the doublet are
/) ="+1=2;m = (gﬁ 1,7 [Y’"+1 ]Jm: e :2; If "7 [Y’“ ]Jm: e :2);
/7= 1=2;m = (gﬁ;‘,’j [Y” 1 ]Srjwz~ 1:2); if ;7 [Y" ]STjWZN 1:2)); (1)

whereg; f arethe radial wavefunctions, Y-arethe sphericalharmonics, isatwo-commnernt
Pauli spinor, and [:::]9) meanscoupledto angular momertum j. We note that the upper
componert of the j = = 1=2 wavefunction has the sameradial quartum number as the
lower componert, whereasthe upper componert of the j = T+ 1=2 wavefunction hasra-
dial quantum number one unit lessthan the lower componert. The normalization of the
wavefunction gives

z 1
[9§0-~j + fj\,j Jrédr = 1;
0 > >

j="+1=2,/°=nr 1;j=" 122 A= m (2)

For a squarewell potertial, the overall phasebetweenthe two amplitudeswill be a minus
sign [B] so we expect that, in the symmetry limit for realistic potertials, fam=ma=2(r) =
fo~j=~ 122(r) = fo.(r). For the relativistic mean eld approximation to relativistic La-
grangrians with realistic zero range interactions and to nuclear eld theory with meson

exchangesit wasindeedshown that, .. _~; _,(r) frmj =~ 1=2(1) [BELQ.



Howeer, to date, the e ect of pseudospinsymmetry on the relativistic wavefunction
has not been tested empirically. Since the lower componert of the Dirac wavefunction
is small [3B[LQ this e ect will be dicult to detect exceptperhapsin certain forbidden
transitions. For example, single - nucleon magnetic dipole and Gamow-Teller transitions
between pseudospindoublets are forbidden non-relativistically (i.e., \" forbidden" [EQP1])
becauseéhe orbital angular momerta of the two statesdi er by two units. Howewer, they are
not forbidden relativistically. In this paper we shall use appraximate pseudospinsymmetry
in the wavefunctionto derive relations betweensingle-rucleonrelativistic magneticmomerts
and magnetic dipole transtions within a pseudospindoublet on the one hand, and between
single-rucleonrelativistic Gamow-Teller transitions within a pseudospirdoublet onthe other
hand. Theserelationships provide a test for the in uence of pseudospinsymmetry on the

single - nucleonwavefunctions.

Il. MA GNETIC MOMENTS AND TRANSITIONS

The relativistic magneticdipole operator for a particle with chargee is given by [P2P3,

e
A= 59 (~ i+ A o 3

where ~ is the usual Dirac matrix, t is the three spacevector, =  for a proton and
for a neutron, g is the orbital gyromagneticratio, g = 1;,g = 0, and . is the
anamolousmagnetic momert, ,, = 1793 ,; A = 1913, where o = 2 is the

nuclear magneton. The magnetic momert is given in terms of the matrix elemen of this

operator with m = j,

po=h R’ m =] I R’ im =j; ¥ (4)

and the squareroot of the magnetictransition probability betweentwo statesin the doublet

is givenin terms of the reducedmatrix elemen of this operator,
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q 1

B(M1:m;5j%! m73j) = mh pojo 7wy (5)

Using the Dirac wavefunction (fl), this resultsin

== 122
eg (j +1=2)%1 : @+,
[~ 20 + 1) . Onyj Frpy, 7dr+ A (1 G+1) o ™% r=dr); (6)
j="+1=2
P = %il O 1 Frmy 1o G i i\; 1 G (@2 +1) Zol f2. redn;
(7)

q

j°="+1=2,j =" 1=
V
d (2 + 1)
2j + 3)

Z, Z,
3 2 .
0 (9, L5 fFr;‘*,j; t Oy fFr;’*,j o J17dr+ 4 p o fﬁ;‘Tj 0 fFr;‘*,j; redr]:

B(M1:m73j% m7j) = B(M1:m7Tj! m7Tj9 =

1E(Zj+1) eg
4 (j+1) "2

(8)

A. Non-relativistic Limit

The Dirac equationwith speherically symmetric potertials reducesto two coupledone-

dimensionalradial equationsfor the upper and lower componerts, (g;f) [Hl,

hg % + 1+T]s;ﬁo;~;1-; =M@ E+Vs WIf - (9)
h c[% + 1T]f'°“7’j; = [E+ Vs + W] Geo s (20)

where
= Tj=7 1=2;, =T+1j="+1=2 (12)

. . - . R
M is the nucleonmass,and E is the binding energy In order to determine 01 gf r3 dr we

use(f, L0 to derive [27:



Gno;j 0 fﬁ;‘Tj; -
hc d d 1+ 1
2M 2 + 2Vs [gﬁo;‘,’j ° agﬁo;‘,’j; + fFr;“,j ° af M T r Grojo Gnoy ¥+ r fFr;‘,’j ° fFr;‘,’j; ]

(12)

In the non-relativistic limit, the potentials are ignored with respect to the nucleon mass,
although % 48 in the interior of the nucleus. Also terms quadratic in f are ignored.

This gives
z 1 z 1
r®driguoo frm + Gromy frmjo 1= Wc( + 01 ) r? drge~o G @ (13)

R L . .
Forj°=j; 4 r3 drgso~; Ow~; =1 from the normalization condition (B). Thereforein

the non-relativistic limit, the magnetic momerts become,

P =0+1=2)g ot asi=T 122 (14)
j : o
= + 1= D N I Y 1
J (J + 1)((] 1 2) g 0 A; )! J ( 5)
The non-relativistic limits for the magneticmomerts in (L4,[L3) are equivalert to the Schmidt

values[Z4].

However, for j 96 j, it follows from ([1) that + © 1= 0 and therefore,
B(M1:®7j% mj) =0:j% | (16)

Thus the non-relativistic limit of the B(M1) is zero which is as it should be since the

transition is from ~ to © 2 asstated in the Introduction.

B. Pseudospin Symmetry

Instead of looking at the non-relativistic limit, we examinethe pseudospinlimit which
assumeghat the spatial wave functions of the lower componerts of the doublet are equal

and opposite in sign,



fﬂ;’*,j == (M) = fﬁ;‘tj =~ 1 (1) = T (1) (17)

Inserting this relation into (8, [4, B) we obtain,

j = 1=2
Coe T sy q @D T gy gy
T T+ 1) o H Tmn A G+1) o '™ '
j = T+ 1=2
. Z VA
_eg(+1=2)71 3 A : . Lo 2 .
10: ~4 1=2: J = 1=
q Y 2 + 1)1
. >0 0] e B = P J + . e | e BH =
B(M1:m7j% m7T5j) 2+ 3 B(M1:®m;5j! m73j9
Y . Z Z
@ +1)eg = '

2 G+ L2 o [ Gy 1m0 + Gy M= 1r3dr 44 . f2. r2dr]: (20)

Ry

For neutronsg = 0, and hencewe have oneunkown quartity, , f2. r?dr. Therefore,

if we know one magnetic quartit y, we can predict two others,
S

q

B(M1:r;3jo%! m73j) = 2] ]( i A ) (21)
. 1 1] . 1 l] J In N ’
q j 2 > 2 1 i 1
. H J J J
sl L s e = 00+ —— A ) 22
B(Ml y 1] . ) !J) 2] 3 J 1(]; J 2 .) ( )

For protons there are three unkown integrals, and sowe can only derive onerelationship

betweenthe three magnetic quartities,

TBMLI =il ey = U@ D e @ ENCFD  +AGHD a),
B 2(2i+3) (+ 1)@ +1)

j0= =+ 1=2j =~ 1=2 (23)

If the magneticmomerts are givenby the Schmidt valuesasin (4, [39), then the magnetic

transitions in (£7, 22, 23 will beidentically zero,which is consister with the non-relativistic

limit.



The relativistic mean eld overestimatesthe isoscalarmagnetic momerts of nuclei [23.
However, when the responseof the spectator nucleonsis included, the relativistic isoscalar
magneticmomerts agreebetter with experimert [5. The responseof the spectator nucleons
do not signi cantly a ect isovector magnetic momerts since the dominant mesonsin the

relativistic eld theory areisoscalar.If we de ne the isoscalarand vector operators as

1 1 1 1
is = é( Pt oqp s v = é( i i) oas = é( At oA ) av = é( A; A )

19 , - : :
B(M1:m;7jo! ﬁ:‘?j)szé( B(M1:m7Tj% m7j) + BML1:m7Tjo% m7j));

q

q q
BMLim Tjo0 mTi)v = 2( B(MLimSj® mTj)  BMLim3jol m7j))

q

(24)

then the relations are separatedinto relations amongthe isoscalarand isovector magnetic

properties:

BMI =0 mo)ey = D@D jasy @+ +D) ssv H 4G+ D asv),
B 2 +3) G+ D@+ 1) |

j0= "+ 1=2j =~ 1=2 (25)

[1l. GAMO W - TELLER TANSITIONS

The Gamow - Teller operator is given by

GT = 8% : (26)

wherega is the axial vector coupling constart (= 1.2670(35)) and  arethe isospinraising
and lowering operator. Thus this operator is a pure isovector operator. Using the Dirac
wavefunction (fl}), this resultsin

>~

j: 1=



S
] (+1 (2 +1) “1
A | L~ — ) ] 2 .
B(GT :m ) ' ®m73) ) j Oa ( i+1 o fﬁm; fﬁ;\’]; r<dr); (27)
j =+ 1=2
q , , Oa . : Z1
B(GT : H’skjja ! H’sk”a ): qi (J (21 + 1) fﬁ,",’J, fﬁ,"”J’ r2 dr) ; (28)
jg+1)
jo= "+ 1=2,j =" 1=2
Vv
q u (2 + 1)q
B T: 20 I L - P J . e I e 20} -
@T:m3ie ! w7 )= © 54y BOT ML ! mYi%)
s ___ 7
(2 +1) 1 2 )
[+ 1 Oa . frmjo fom, rodr: (29)
where = if = and = if =
We notice that
q q
B(GT:® 735 ! m7T5 )= BGT:m7T; ! ™7 ) (30)
but, in general,
q q
B(GT :%7j% ! m7j )6 B(GT:m7Tj% ! m7j ); (31)

A. Non-Relativistic Limit of the Gamow - Teller Transitions

Sinceterms quadratic in f are ignored in the non- relatvistic limit, we get the usual

results,
q s = 1
+
B(GT:®m7j, ! m7T) )= (Jj )gA;j=“ 1=2, (32)
q S —
B(GT :m7ji ! M7 )= gy Gl = 12 (33)
q
B(GT:®73j% ! m™j; )=0;]%] (34)



B. Pseudospin Symmetry

Using pseudospinsymmetry, ([L7), there is only one unkown for the Gamaw - Teller

transtions and henceead transition is related to the other,

jo= "+ 1=2,j =~ 1=2
q S

S
5+ 1 j ;
(35)
q 2@+ :
) ) ]+ ] + ) N j+1
B T: 70 | adt = B TR0 | e +
(GT :m7j¢ /0 ) 5+ 3 ( B(GT:m7j¢ ” 7518 ) [+2
(36)
q
B(GT:®%73j; ! w7 )=
@2 +1) j+2 9 2 i1
] + ] + Tl i 0] L~ 0 ]+ .
2 3 j ( B(GT:m7j% I m 7% ) @+ 1) j+29A)’ (37)
q q
B(GT:m7Tj% ! 7T )= B(GT:m7Ti% ! m7T) ) (38)

This last relation, (Bg), also follows from isospin symmetry as well, but if pseudospin

symmetry is consened than the relation holds even though isospin may be violated; i.e.,
fﬁ;“, 6 fﬁ;‘,’ '

IV. AN EXAMPLE: 3%, 3°CA

The nuclei 33K 2o and 33Cayg are mirror nuclei. The ground state and rst excited state
of 33K 4o are interpreted as a 0ds-, and 1s,-, proton hole respectively, while the ground

state and rst excited state of 33Cayo are interpreted as a 0ds-, and 1s;-, neutron hole

respectively. These states are members of the r = 1; 7= 1 pseudospindoublet. The M1
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transitions betweenthesetwo statesin both of thesenuclei have beenmeasured,although
they are forbidden in a non-relativistic single-rucleonmodel, and are indeed small [E§2(].
The magneticmomerts of the ground statesare known. Howewer, the magneticmomerts of
the excited states are not known so the magnetic relationshipsintroducedin (£5) can not
be tested at this time.

On the other hand, the Gamaw - Teller transitions from the ground state of **Ca to the
ground and rst excited state of 3K are known as indicated in Figure 2, which is enough
information to test (B@). For this example,j = 1=2, (Bf) beomes
q Pz

!
B(GT:L1;3=2; ! L L1=2; )= — ( B(GT:LL;3=2"; ! LL32",; )+ O0:60):
(G 3=2" 2"5) 45( (G 3=2" 3=2"; ) p06 )

(39)

Of courseonly the B(GT) is measured;the sign of the squareroot is unkown. How-

ever, we choosethe negative sign, ) B(GT :LL3=2"; | LL3=2"; )ep = 0:647(10)
[28], becausein the non-relativistic limit givenin (B3), the squareroot is negative, which
also agreeswith shell model calculations [BQ]. Since we are dealing with a single - nu-
cleon model we can expect renormalization of the coupling constart g, due to omitted
shell model con gurations just asin the non-relativistic shell model [E7]. In Table 1 we

seethat the quending necessaryto reproduce the experimertal \* forbidden" transition
q

B(GT : L1 3=2"; | I I,1=2"; )ep isconsisten with the quencing neededn the non-
relativistic shell model to reproduce * allowed Gamow - Teller transitions. In the non-
relativistic shell model an e ectiv e tensor term gers [Y2 ] is addedto the Gamow-Teller
operator, whereY, is the sphericalharmonic of rank two and [: : :]® meanscoupledto angu-
lar momertum rank unity. Usinga calculatede ectiv e coupling constart ges¢+ Which includes
corepolarization, isobarexcitations, mesonexchangecurrents, and relativistic corrections,a

q
valueof the \ " forbidden" transiton B(GT : L;1;3=2"; | T T1=2"; )yr = 0:036(18)

is calculated. This value agreeswith the experimertal value within the limits of experi-
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mental and theoretical uncertainty. Howewer, the isoscalarand isovector magnetic dipole
transitions calculated betweenthe samestatesand usingthe samemodel disagreeswith the
experimertal transitions by a factor of four to v e [6. A measuremet of the magnetic
momerts of the s;-, excited statesin *°K and *°Ca would allow the prediction of the for-
bidden magneticdipole transitions via (P8) which may be helpful in throwing light on this
dilemma.

We can now predict the 1=2" ! 1=2" transition using (B7). The resultsaretabulated in
Table 2; this transition is the largestwithin the doublet. Furthermore, the nal transition,
which is also\ " forbidden", can be determinedfrom (£9) and (B9):

q

B(GT:®;5j=1=2t; | m 5j0=3=2"; )=

p_d : :
2 B(GT:m;7j =32"; ! m7j%=1=2"; )= 0:034(1) (40)

This relationship doesnot dependon the e ectiv e g but alsofollows from isospinsymmetry

aswell.

V. CONCLUSIONS

Recen investigationssuggestthat pseudospinsymmetry appearsto be only slightly bro-
ken particularly nearthe Fermi sea[{#][LQB8,H. The empirical evidencefor pseudospinsym-
metry hasbeenin the small energysplittings betweendoublets. In this paper we analyzed
magneticdipole properties and Gamow-Teller transitions under assumptionthat pseudospin
symmetry is consened. Pseudospinconsenation implies that the spatial wavefunctions of
the lower componert of the Dirac single - nucleonwavefunction are equal and opposite in
sign for pseudospindoublets. Using this assumption, we derive, for spherical nuclei, a re-
lationship for the scalar (vector) magnetic dipole transition betweenthe two states of the

doublet and the scalar (vector) magnetic momerts of the two statesin the doublet. Under

12



the sameassumptionswe derive relationships between any two Gamaw-Teller transitions
from statesin the doublet to statesin the doublet. We applied the Gamaw-Teller relation
to the \ " forbidden" - deca of *°Ca, and concludethat agreemeh occursfor a quending
of the axial coupling constart comparableto that neccessaryo t ~ allowed Gamaw-Teller
transitions in the non-relativistic shell model [Z7,29]. We point out that a measuremen of
the magnetic momerts of the s,-, excited statesin *K and 3°Ca would allow the predic-
tion of the forbidden magneticdipole transitions via (25 which may be helpful in throwing
light on an inconsistencyposedby the non-relativistic shell model [EQ]. Furthermore we
predict the other two Gamaw-Teller transitions from the 1s;-,; 1ds-, statesin °Ca to their
isobaricanaloguesn 3°K using pseudospinsymmetry, thereby producing a test of the e ect

of pseudospinsymmetry on the relativistic single- nucleonwavefunctions.
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TABLES

TABLE |. Predicted \" forbidden" Gamow - Teller strength, 3°Ca! 3°K, for various values

of the e ectiv e axial coupling constart.

i qB(GT:I;I;3=2+; I T 11=2"; )
1.2670(35) (FREE) 0.187(6)

0.96 (4) Ref [27] 0.053(17)

0.91(2) Ref[Pg 0.032(10)

0.891(FIT) 0.024(6)

EXP Ref [20] 0.024(1)

TABLE Il. Predicted Gamow - Teller strength, 3°Ca ! 39K, for two values of the e ectiv e

e ectiv e axial coupling constart.

q
ga B(GT:L11=2"; | 111=2"; )
1.2670(35) (FREE) 1.820(7)
0.891 1.495(7)
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FIGURES

FIG. 1. Examplesof pseudospindoublets in the 2°®P b region. n, is the radial quantum number
of the state with j = ~+ 1=2 = =~ 1=2, and is equivalent to r, B = n,, ~ is the orbital angular

momertum, j the total angular momertum.

FIG. 2. Measured Gamow - Teller transitions between pseudospindoublets for 3°Ca. Dashed

line is for \ * forbidden" transition
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Examples of Spherical Pseudospin Doublets
(ne "1(nei 1)+ 2] + 1)

j=7"8s,5 =1/2;
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Gamow - Teller Transitions
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